We study the universal conditions for quantum non-perturbative stability against bubble nucleation for pertubatively stable AdS vacua based on positive energy theorems. We also compare our analysis with the pre-existing ones in the literature carried out within the thin-wall approximation. The aforementioned criterion is then tested in two explicit examples describing massive type IIA string theory compactified on S 3 and S 3 × S 3 , respectively. The AdS landscape of both classes of compactifications is known to consist of a set of isolated points. The main result is that all critical points respecting the Breitenlohner-Freedaman (BF) bound also turn out be stable at a nonperturbative level. Finally, we speculate on the possible universal features that may be extracted from the above specific examples.
Introduction
In the last two decades the problem of finding suitable string compactifications giving rise to interesting lower-dimensional physics has been extensively studied adopting many different approaches. In particular, the approach which goes under the name of flux compactification has proven to be very effective when it comes to constructing lower-dimensional maximally symmetric vacua out of string theory, thus achieving complete moduli stabilization (see e.g. [1, 2] ). The idea behind the constructions is that of pertubatively inducing a dynamical scalar potential [3] for the moduli fields through the use of fluxes and branes threading the internal manifold.
A preliminary statistical analysis of string vacua based on a counting of possible quantized flux backgrounds lead to the expectation of finding a very large amount of such maximally symmetric solutions, which was then referred to as the string landscape [4] , though such an expectation is nowadays widely believed to be too naïve. Focusing in particular on vacua with negative cosmological constant (i.e. AdS), there are hints that the AdS landscape of a given class of string compactifications might consist of a set of isolated points. As we will argue in this paper, there are further indications that these isolated points are non-perturbatively disconnected from each other, and that tunneling does not occur.
Generically, (warped) lower-dimensional supersymmetric AdS vacua may be obtained in string theory as the near-horizon geometry of several BPS brane intersections [5] . Moreover, the theories of gravitational fluctuations around the supersymmetric vacuum are usually captured by an effective lower-dimensional gauged supergravity theory which may be constructed out of a warped KK truncation Ansatz [6, 7] that consistently relates the higher-dimensional equations of motions to simpler and algebraic lower-dimensional field equations, at least in the case of maximally symmetric vacua. Therefore, solving the equations of motion for the scalar fields within the effective gauged supergravity theory turns out to be a doable task, especially by applying the techniques introduced in [8] , where the AdS landscape of a certain class of massive type IIA compactifications was exhaustively scanned and a few novel additional non-supersymmetric critical points were found. One would then naturally expect to find a similar situation by applying the aforementioned techniques to different set-up's, i.e. a supersymmetric AdS vacuum surrounded by a discrete set of additional critical points where internal bosonic symmetry and supersymmetry are partially or even completely broken.
Assuming the above situation to be generically realistic, and after checking perturbative stability of each point in the obtained landscape, the possibility of quantum gravitational tunneling between different AdS vacua becomes then a very natural issue to be addressed.
The aim of this paper is that of providing general criteria to assess non-perturbative stability of supergravity AdS critical points, which would automatically rule out tunneling to any other point in the landscape. Our analysis will rely on the possibility of formulating positive energy theorems in AdS based on a fake-supersymmetric formalism. In some cases the absence of tunneling between two AdS vacua is guaranteed through the existence of an interpolating static domain wall.
Another parallell argument in favor of an isolated AdS landscape, which may be considered rather compelling, has a holographic origin. Thanks to the AdS/CFT correspondence [9] , one can rephrase the problem of "charting" the landscape of AdS string vacua into that of classifying CFT's in various dimensions. By means of the conformal bootstrap approach [10] , one can in principle restrict all possible conformal fixed points upon imposing conformal symmetry and self-consistency at a fundamental level. Great progress has recently been made in this context by using efficient numerical methods (see e.g. [11] ). This numerical approach has so far provided strong evidence for the existence of quite a few different types of CFT's, all associated with fixed points of some RG flows. This fact singles out the role of conformal symmetry as an organizing principle that dictates the physical behavior of a given system in a quantum critical regime, irrespective of its microscopic description. This suggests the emergence of universality classes of conformal fixed points.
The above argument may be regarded as a holographic evidence for the existence of limited number of isolated and universal AdS vacua in the string landscape. However, in order for such a holographic picture to actually make sense, one must make sure that the corresponding gravitational vacua are stable against non-perturbative effects. In [12] it was in fact conjectured that a sensible theory of quantum gravity should forbid tunneling between AdS vacua. An addtional argument against tunneling provided in [12] , was that such a hypothetical process ending up in AdS, always leads to a big crunch. Interestingly, static domain wall solutions which interpolate between pairs of points in the landscape and hence forbidding gravitational tunneling, provide a geometrization of the corresponding RG flows within the dual field theory. Therefore, the presence of a conformal fixed point in itself may be viewed as the holographic proof of the non-perturbative stability of its dual AdS vacuum.
The paper is organized as follows. In section 2, we review the literature on bubble nucleation and the classical derivations of the corresponding bound on the tension of the wall separating two vacua in the thin-wall limit. In section 3, we adopt a different angle on the problem of quantum non-pertubative stability in AdS. Our logic will be based on the possibility of formulating positive energy theorems in the spirit of [13, 14] , which are intimately connected with fake supersymmetry. This approach makes crucial use of the Hamilton-Jacobi (HJ) formulation of problems described by second-order dynamical equations. This will allow us to discuss a set of universal situations that may in principle occur in the AdS landscape, some of which lead to gravitational tunneling. In section 4, we study in detail two explicit examples representing effective descriptions of massive type IIA string compactifications in order to assess to what extent all of the aforementioned possiblities can be actually realized within the landscape of a consistent quantum gravity theory. In section 5, we present some concluding remarks where we try to speculate on the general features of our analysis and how to possibly extend it to new examples. Finally, some technical details concerning the HJ formalism and pertubative techniques to solve non-linear PDE's are collected in appendices A & B, respectively.
Bubble nucleation and gravitational tunneling
Before attacking the problem of quantum non-perturbative stability within a theory of gravity, we would like to start by reviewing some well-known results concerning the mechanism of bubble nucleation. To this end, let us consider the formation of a finite size bubble of AdS space with vacuum energy Λ 2 within another AdS space with vacuum energy Λ 1 > Λ 2 . This situation was originally considered in [15, 16] , where the conditions were derived that would allow such a bubble to expand once spontaneously formed. When this process occurs, the true vacuum bubble would then expand and eventually eat up all spacetime, thus completing the quantum gravitational transition.
The derivation of the condition that allows bubble nucleation works through the comparison between the total energy of the system with or without the bubble, by properly taking into account the difference in vacuum energy as well as the positive contribution associated with the tension of the bubble wall. Such an energy starts out positive for a small bubble where the tension dominates and decreases as the bubble becomes larger. Without considering the effect of gravity, the total energy of the bubble becomes negative for sufficiently large radius, thus enabeling tunneling to the lower value of the vacuum energy. When gravity comes into in the game, this is no longer necessarily the case, and the energy difference may remain positive for any finite value of the radius leading to non-perturbative stability of the original vacuum against bubble formation. One concludes that gravity has a tendency to stabilize AdS vacua. Important examples are supersymmetric vacua in supergravity theories, which are protected in this way [17] [18] [19] .
Let us see how this works out in more detail by reviewing the limit of thin bubble walls.
This approximation consists in neglecting variations in the warp factor inside the metric as one moves across the wall. This effectively implies assuming constant vacuum energy on the two sides without dynamically sourcing it through the use of scalar fields. Across the wall there is a junction condition that relates the difference in the spatial curvature of the wall to the wall tension σ. We start out in static coordinates, where the metric away from the wall is then given by
In case of a bubble with an inside and an outside we find
where ρ 0 is the radius of the bubble, and we have put κ 2 4 = 8πG. In order for a solution to exist for a finite value of the radius, the tension needs to obey
which is commonly known as the Coleman-De Luccia (CDL) bound. Saturation implies the existence of a bubble of infinite radius, i.e. a straight wall. In this situation the instanton action is infinite and one does no longer have tunneling. Instead, it corresponds to a stable and static domain wall (DW) separating the two different vacua.
The same results can also be obtained though a straigtforward evaluation of the total energy. In the thin wall approximation, we find 4) where the energy of the thin wall is calculated using the average of the metric on the two sides of the wall. It is easy to check that the two equations (2.2) & (2.4) have the same solution for, e.g., the radius ρ 0 as a function of the tension.
To fully capture the time evolution of a bubble it is convenient to choose a metric of the form (A.2)
The coordinate system is assumed to be comoving so that the center of the wall is always positioned at ζ = 0. The Einstein equations, as well as the equations of motion in the presence of scalar fields, are discussed in detail in appendix A. In case of pure AdS with a constant vacuum energy and without a wall, the functions a(ζ) and S(t) are given by [20] 6) where Λ = − 3 α 2 , and ζ is chosen such that e 2a(0) = 1 at the position of the wall. One can verify that these expressions can be obtained from the metric in static coordinates through a coordinate transformation. The bubble has its smallest radius, given by 1/β, at t = 0 when it appears after tunneling, and expands thereafter.
Among the field equations, it is the first one in (A.12) that is of particular importance,
from which one can recover the junction condition in case of a thin wall separating regions with different vacuum energies. Away from the bubble wall, where the system sits at a critical point of the potential with φ = 0, this simply becomes
Since a (0) is the extrinsic curvature of a thin wall at ζ = 0, we recover the junction condition, where we identify q 0 = β 2 with 1/ρ 2 0 at the minimum radius of the bubble. One can distinguish between three different kinds of bubble walls: non-extremal, extremal and ultra-extremal. The extremal case corresponds to a straight DW solution, while the ultra-extremal has a lower tension allowing for a solution with a finite radius of the bubble.
It is only bubbles with ultra-extremal walls that can form through tunneling. One may also consider non-extremal walls, which instead have a higher value of the tension than the extremal ones. These bubbles have two insides, thus resulting in a junction condition where the two spatial curvatures are added rather than subtracted. Such bubbles correspond to local maxima of the Euclidean action rather than minima and hence they cannot arise through tunneling. The relevant summary concerning the above different types of walls can be found in table 1.
Wall Type
Tension σ non-extremal 2 κ 2 4 Table 1 : The different types of bubble walls according to the classification in [20] . The positive parameter q 0 is related to the radius of the bubble through q 0 = ρ
So far the tension of the wall has been considered as a free parameter. What we actually want to do is to form the bubble walls using the scalar fields and explicitly compute the tension of the walls. In this way, we will be able to deduce whether or not a particular vacuum is non-perturbatively stable. To proceed we need to consider the equations of motion more carefully. Most of what we need is captured by the Hamilton-Jacobi (HJ) equation
determining the Hamilton principal function F (see appendix A), We first consider the case of straigth walls, where q 0 = 0, in which case the equation is separable with solutions of the form (A.19). As a consequence, the HJ equation becomes
which determines a function of the scalar fields that plays the role of a fake superpotential.
Let us now assume that a function f (φ) such that f (φ 1 ) = f (φ 2 ) = 0 can be found, where φ 1 and φ 2 denote the positions of the two AdS vacua in the scalar manifold. If this is the case we can then go ahead and construct an extremal DW separating the two vacua by simply integrating the first-order flow equations (A.20) associated with our fake superpotential f . Whether such a solution actually exists is a highly non-trivial question that will be discussed at length in the next section.
For a thin wall, across which a is continous but φ and f jump, we find that the junction condition for q 0 is exactly saturated for a bubble of infinite size with
and the tension of wall given by σ = 2 κ 2
4
(f 2 − f 1 ), which reproduces the correct value for extremal walls appearing in table 1.
Let us now move to the case of non-vanishing q 0 , where the HJ problem is truly nonseparable. Still, the situation turns out to get considerably simplified in the thin wall approximation. Outside of the wall, one has
Across the thin wall, where a = 0, we find a jump in F , with a tension given by
Again we find saturation, but this time for a bubble of finite size. As we will see, the crucial issue ensuring saturation is whether a function F actually exists or not for a particular value of q 0 .
The existence of DW's is intimately connected with the property of the corresponding instantons. Instantons are given by Euclidean solutions of the form 14) where τ denotes Euclidean time. The equations of motion for the instanton turn out to be identical to those for the DW with ζ replaced by τ . The instanton is a four-dimensional bubble separating vacua at two different critical points of a given potential. Evaluating the instanton action, and finding the extrema with respect to the bubble radius, provides the junction condition or, equivalently, the expression for energy conservation. The instanton action has a finite value, corresponding to a finite probability of tunneling, only if q 0 > 0.
This corresponds to a bubble forming at a finite radius after which it expands. The absence of solutions describing O(4)-symmetric bubbles of the form (2.14) was proven in [21] for supersymmetric AdS vacua.
Fake supersymmetry & positive energy theorems
In the previous section we have been reviewing the general conditions for gravitational tunneling through bubble nucleation in the thin wall approximation. The scope of this section is that of formulating a more general sufficient criterion for non-perturbative stability in AdS which goes beyond such an approximation. The analysis will make use of the HJ formalism presented in appendix A and its relation to fake supersymmetry.
A positive energy theorem
Let us consider a theory of Einstein gravity coupled to a set of scalar fields described by an action of the form of (A.1). Let us, furthermore, assume that the scalar potential V admits a number of perturbatively stable AdS critical points, i.e. satisfying the BreitenlohnerFreedman (BF) bound [22] . The non-perturbative stability of each AdS extremum φ 0 against tunneling towards any of the other points in the landscape becomes a very natural issue to address. In [13, 14] a positive energy theorem was developed that relies on the existence of a global function bounding the potential from below. This criterion for non-perturbative stability essentially generalizes the argument of [17] for a supersymmetric vacuum to cases which in principle have nothing to do with supersymmetry. We propose the following theorem:
• Theorem: If the scalar potential V can be written as
for a suitable and globally defined function such that
then any other point in M scalar has higher energy than φ 0 itself and hence φ 0 is stable against non-perturbative decay.
Verifying the above criterion essentially boils down to the search of fake superpotentials w.r.t. which the AdS extremum in question appears to be "supersymmetric". Let us now see how to use this machinery in practice.
From now on in this section, we will restrict ourselves to the case of one single scalar for the sake of simplicity, though a parallel analysis may be carried out in cases where the scalar manifold M scalar is higher-dimensional. In fact, one of these cases will be explicitly studied in the next section. For the same reason, we will drop the factors inside (3.1) and focus on the conceptual core of the problem.
If we want to apply the above positive energy theorem at a given metastable AdS critical point φ 0 , we need to discuss local and global solutions to the following (non-linear) differential equation
Note that since this condition is of the form of a HJ equation (A.21), every local solution thereof will define a fake superpotential and hence a static HJ flow. Through the existence of such an f , the extremum φ 0 acquires a fake-superymmetric interpretation since it is characterized by being an extremum of f , as well as of the potential itself.
Our ODE may be rewritten as
Now we can invoke the Cauchy theorem for local existence and uniqueness of solutions, which may be applied any time an initial condition is given at a point (φ 0 , f (φ 0 )) around which the rhs function F is Lipschitz. This implies that there is actually just one local solution in the neighborhood of a non-critical point, for each choice of sign for f .
However, a particularly interesting situation occurs once an initial condition is given at a critical point, such as φ 0 , i.e.
In the neighborhood of φ 0 , F is no longer Lipschitz, thus violating the Cauchy theorem for local existence and uniqueness of solutions to our ODE. Indeed, there turn out to exist two inequivalent solutions to (3.3) which locally start from φ 0 . The emergent two branches of solutions may be seen by setting up a perturbative expansion around the critical point φ 0 ,
where the coefficients of the Taylor expansion can be determined by solving the following algebraic system
By further setting f (1) (φ 0 ) = 0, the above system can be solved order by order separately with, in particular, each derivative of f appearing only linearly except for the second one.
The two independent branches are therefore labelled by the two possible choices of f (2) (φ 0 ).
Up to second order in perturbation theory, this yields
where it is worth noticing that the above roots of the second-degree equation for f (2) (φ 0 )
are only real if the BF bound is satisfied. In the next subsection we will combine all of these observations into a set of "crossing rules" that will determine possible topological obstructions to extending a local solution for f at a global level, thus possibly spoiling the validity of the positive energy theorem.
Before we move to the study of different cases in the AdS landscape, let us generalize the above analysis to include the case of non-static HJ flows. As discussed in detail in appendix A, solving the HJ equation for q 0 = 0 is a very complicated problem. However, for the present scope, we are only interested in the effect of turning on a small q 0 > 0 to deform a static HJ flow. This, in some sense, corresponds to adopting the thin wall approximation, where the thickness of the wall is much smaller compared to the radius of the bubble. This assumption seems to be reasonable since the latter is proportional to q −1/2 0 , and will therefore be huge in the q 0 → 0 limit.
This amounts to taking a = 0 inside (A.17), which yields the following modification of (3.3)
where q 0 is a positive and small constant. The solution to the q 0 -deformed version of the pertubative system (3.6) around the critical point φ 0 reads
which, in the q 0 → 0 limit, behaves as
where
which manifestly shows that branches with positive and negative second derivative, respectively, tend to be repelled when turning on q 0 .
A "zoo" of possible situations in the AdS landscape
In the previous subsection we have analyzed all the relevant issues that allow us to discuss and classify the different situations in the AdS landscape by means of fake superpotentials and positive energy theorems. For the present purpose, it may turn out to be useful to spell out the following set of "crossing rules" for local solutions to the differential equation (3.3):
1. At a perturbatively stable critical point of V , say φ 0 , there always exist two branches of local f 's. In particular, if we name them f (+) and f (−) , Let us first consider the case where we have a local maximum and a local minimum of the potential. In such a case, the trajectory of the potential connecting the two extrema happens to be monotonic. The three different possibilities which may occur in this case depend on whether both points, just one or even none admit a globally bounding function obeying the hypothesis of the positive energy theorem. These situations are sketched in figure 1.
• Situation 1a: Both the maximum and the minimum admit globally bounding func- • Situation 1b: Only the minimum admits a gobally bounding function, represented by one of the two curves in brown and precisely, the one corresponding to the "(+)"
choice. The other local branch departing from the minimum has to go up, until it breaks down by hitting the profile of the potential at a non-critical point after going past the maximum. On the other hand, the local branches starting from the maximum, which are represented by the green curves, both break down by hitting the potential before making it to the minimum. This shows that there are no static DW's in between.
However, if we were now to turn on a q 0 > 0 to search for non-static solutions, the "(+)" green branch and the "(−)" brown one would tend to come closer to each other due to rule nr. 4. As a consequence, there will exist a finite value of q 0 for which the two vacua are connected. Such non-static solution describes an ultra-extremal wall, thus implying graviational tunneling from the maximum to the minimum through true-vacuum bubble nucleation.
• Situation 1c: Here neither of the two local extrema possesses a globally bounding function. The discussion concerning the non-perturbative decay of the maximum into the minimum is identical to situation 1b. The only difference with 1b is that there at least the minimum is stable thanks to the positive energy theorem. Now, since the theorem can no longer be used, there is potentially room for non-perturbative decay of the minimum towards −∞. Indeed, the expectations are that there should exist a non-static solution flowing from the minimum down to −∞, since the "(+)" brown branch is pushed further and further down by turning on q 0 > 0.
Let us now move to consider the case of a scalar potential having two local minima. Such a potential profile will then be non-monotonic along the path connecting the two extrema.
This implies the existence of a local maximum in between, this giving rise to two different subcases depending on whether or not this maximum satisfies the BF bound. However, if it does, one can just split the path into two parts in each of which the potential is monotonic Both minima violate the hypothesis of the positive energy theorem and still, the conclusion stays identical to the 2b case.
• Situation 2a: Both minima admit globally bounding functions, −f
, which both correspond to the "(+)" local branches and are respectively drawn in green and brown. The "(−)" local branches starting from each of the two points need to go up but they are not allowed to meet and merge, since this would be against rule nr. 3. They can only cross at one point with opposite value of f as explained in rule nr. 2.
In this case, there appears to be no static DW in between and still both vacua are stable against tunneling. In fact, by turning on q 0 , one can see that there will be a composite non-static wall passing through the local maximum, where the green and the brown local branches meet with vanishing f . This bubble wall will be non-extremal, its tension strictly respecting the bound (2.3), and hence it does not to lead to tunneling.
• Situation 2b: The deeper minimum admits a globally bounding function, whereas the other one does not. In such a situation, the "(+)" brown local branch hitting the side of the potential in the static case, approaches the "(−)" green local branch when q 0 > 0 and they eventually merge to give rise to an ultra-extremal bubble wall at finite q 0 . This interpolating solution describes a gravitational tunneling process from the higher minimum towards the lower and stable one.
• Situation 2c: Here none of the two minima satisfy the hypothesis of the positive energy theorem. This may imply a potential instability of the deeper vacuum as well.
The only practical difference w.r.t. 2b is the possibility for the green branches to hit the potential further on the right, thus creating an available decay channel for the deeper minimum.
Two concrete examples
In the last section we have discussed the different possibilities that may occur within the AdS landscape on the basis of the set of crossing rules that we have introduced previously. In this section we want to assess to what extent all of the situations encountered there can actually be realized within effective theories that admit a UV-completion within string theory. To this end, we will present two examples of effective supergravity models coming from string compactifications. The outcome of our analysis is that none of these fall into the cases where gravitational tunneling occurs. Such string models possess a supersymmetric AdS vacuum, which was first found in [23] by numerically solving the pure spinor equations and later analytically understood in [24] .
These AdS vacua are known to be holographically dual to (1, 0) SCFT in six dimensions [25] .
Subsequently in [26] , these compactifications were shown to admit a consistent truncation yielding minimal 7D gauged supergravity as an effective description.
Such a gauged supergravity description turns out to be a very convenient approach when it comes to searching for solutions. By adopting this approach, one easily realizes that these theories, besides the aforementioned supersymmetric vacuum, also admit a nonsupersymmetric AdS extremum [27] . For the purpose of this section, we will from now on abandon the 10D description in favor of the underlying 7D gauged supergravity formulation.
The effective Lagrangian happens to coincide with the one in [28] and it reads
where the scalar potential V is given by
where the constants θ, q &q represent embedding tensor deformation parameters and are related to NS-NS flux, S 3 extrinsic curvature Θ ij and Romans' mass, respectively, according to the dictionary in table 2. By making use of the embedding tensor/fluxes dictionary in [30] , the scalar potential (4.2), which was originally studied in [28] , is now given a 10D origin.
The scalar potential (4.2) may written in terms of a superpotential as
The above scalar potential has two AdS critical points when choosing SO(3) as a gauge group, i.e. dz e 6a 15 (a )
where denotes a derivative w.r.t. the z coordinate. The above action implies the following second-order field equations
The corresponding interpolating solution between Sol. 1 & 2 can be found by making use of the Hamilton-Jacobi (HJ) formalism (see appendix A). This procedure yields the following first-order reformulation of (4.8) [28]  9) provided that the functional f (φ) satisfy the following non-linear ODE
Note that the above ODE has an obvious global solution given by the supersymmetric superpotential in (4.4), i.e. f SUSY (φ) = W (φ). In this case, the equations (4.9) define a BPS flow that can only hit supersymmetric critical points. Any other local solution of (4.10)
would define a fake superpotential and hence an extremal but non-BPS flow that can connect any pair of perturbatively stable AdS critical points. By means of this f , these critical points gain a fake-supersymmetric interpretation.
As already explained in the previous section, by assigning an initial condition at one of the two critical points, i.e.
our ODE (4.10) fails to obey the local uniqueness theorem and it admits two branches of local solutions (see crossing rule nr. 1). Indeed, by solving the perturbative system (3.6) at second order for both critical points in table 3, one finds
for the supersymmetric solution labelled by "1", and
for the non supersymmetric extremum labelled by "2". In both cases, branch "−" turns out be a global solution which defines a notion of positive energy by providing a global bound of the form This situation is sketched in figure 3 . The above analysis shows that the two curves, which are respectively drawn in brown and red in figure 3 , both satisfy the hypothesis of the positive energy theorem. Moreover, as a consequence of our crossing rules, one gets for free the existence of the interpolating static DW which contains very valuable information from a holographic viewpoint [30] . This completes the proof of the impossibility of gravitational tunneling through spontaneous bubble nucleation within the AdS landscape of S 3 compactifications of massive type IIA string theory.
A multi-field case: massive type IIA on AdS 4 × S 3 × S
3
We would like now to consider a more involved situation featuring more scalar fields. To this end, we move to a class of compactifications of massive type IIA supergravity down to 4D. The explicit case of interest to us is that of AdS 4 × S 3 × S 3 massive IIA backgrounds.
These compactifications are supported by NS-NS H (3) flux as well as R-R F (0) , F (2) , F (4) and F (6) fluxes wrapping cycles in the internal manifold S 3 × S 3 , which is thought of as a group manifold whose curvature is parametrized by metric flux ω. No extended D-brane or O-plane sources turn out to be needed in order to solve the 10D field equations.
These compactifications are known to admit a supersymmetric AdS vacuum, which was found by using many different approaches, ranging from SU(3)-structures to STU-models (see e.g. refs [31] [32] [33] [34] ). Due to the complete absence of local sources, these models also admit an N = 8 gauged supergravity description including all 70 scalar fields of the maximal theory. The corresponding embedding tensor/fluxes dictionary was derived in [35] , where all the quadratic constraints required for the consistency of the gauging of the maximal theory where interpreted as the absence of different types of BPS branes.
However, if one restricts to the SO(3)-invariant sector of the maximal supergravity theory, these compactifications can be effectively described by an N = 1 supergravity in D = 4 coupled to three chiral multiplets, each of which contains one complex scalar field (usually named (S, T, U ) ≡ Φ i ) spanning an SL(2, R)/SO(2) coset. Such a minimal supergravity model is also known as an STU-model. Upon performing the above truncation, the corresponding invariant embedding tensor components give rise to flux-induced superpotential couplings. The obtained superpotential reads
where the above couplings are related to type IIA fluxes through the dictionary reported in table 4.
IIA fluxes W couplings STU charges
; + Table 4 : The embedding tensor/fluxes dictionary for the case of massive type IIA reductions on S 3 × S 3 . The labels "abc" & "ijk" respectively refer to internal directions on the two different S 3 factors. The above superpotential deformations were originally identified in [36] with those type IIA fluxes which are even w.r.t. a Z 2 -involution defined by spacetime-filling O6-planes which further wrap S 3 a . Later, in [37] , this dictionary was completed by also including the orientifold-odd sector.
The 4D effective Lagrangian reads 16) where the kinetic metric is defined by K ij ≡ ∂ i ∂jK, and the Kähler potential reads
Finally, the scalar potential is determined as 18) where D denotes the Kähler-covariant derivative.
The set of extrema of the effective scalar potential was exhaustively studied in [8] . The resulting landscape consisted of purely AdS vacua, which could be viewed as four different critical points of the same potential corresponding to the following flux choice
one of which is the supersymmetric vacuum. The relevant physical features of these critical points are summarized in table 5.
While Sol. 2 is perturbatively unstable due to the presence of a mode below the BF bound, the other two non-supersymmetric extrema appear perturbatively stable within the STU sector. Therefore it makes sense to address the issue of their non-perturbative stability against quantum tunneling. As already widely discussed, this is intimately connected with the existence of fake superpotentials and static HJ flows. In order to make contact with the formalism introduced in appendix A for a multi-field case, we first reformulate the STUmodel described by the action (4.16) in terms of six real scalars φ I ≡ {σ, s, A, B, µ, u}, where
In terms of the above real fields, the condition (4.21) becomes
where W ≡ e K/2 |W | [38] . Now we are ready to start looking for interpolating static solutions. To this end, we cast the Ansatz (× 1)
(× 1) In order for gravitational tunneling to be excluded for the non-supersymmetric and nevertheless stable solutions in table 5, we would need to find the existence of globally bounding functions verifying the positive energy theorem. Once such objects are found, we will investigate whether or not this is paired up with the existence of static interpolating DW's.
This will help us identify which of the situations described in section 3 are actually realized within this model.
We were actually able to solve the PDE (A.21) to determine the globally bounding functions around all three critical point in table 5 The above analysis provides the needed evidence that quantum graviational tunneling is actually forbidden also within the landscape of massive type IIA on S 3 × S 3 . To conclude, For the other pairs (i.e. 1 & 3, as well as 3 & 4) , the situation becomes a bit more difficult to depict. However, in both cases there is a bump in the middle of the path that prevents a static DW from existing and all the local branches going up happen to hit the side of the potential somewhere. The only technical complication that makes it generically hard to visualize is to find the right 1D slice where a given branch hits the potential. However, after finding it, the picture for these two cases would look exactly like Situation 2a in figure 2.
Conclusions
In this paper we have studied the conditions that allow for quantum gravitational tunneling between AdS vacua within the context of effective gravity coupled to scalar fields. Such a phenomenon can happen through spontaneous nucleation of a true vacuum bubble which the former diverges exactly as V itself, whereas the latter has a faster slope, i.e. − √ 3, but exactly such that it cancels against (∂f ) 2 when calculating V . Similar arguments correctly predict the asymptotic behavior at other boundaries of M scalar .
starts expanding. We have started reviewing some well-known results derived within the thin-wall approximation, i.e. neglecting the dynamical evolution of scalars. This approach allows one to derive a bound on the tension of the wall separating the two vacua.
Subsequently, we have adopted a different approach to the problem which is based on the formulation of a positive energy theorem which turns out to establish the equivalence between non-perturbative stability and fake supersymmetry. This statement has been obtained by means of the Hamilton-Jacobi formalism that provides a first-order formulation of the studied second-order problem. The possible existence of fake superpotentials has furthermore allowed us to discuss all possible situations in the AdS landscape, some of which lead to tunneling.
The general expectations turn out to be in line with those of [39] , where related issues were previously discussed. It may be worth mentioning that our results, in comparison with [40] , in some cases do exclude tunneling even in cases where interpolating static solutions are absent.
Finally, in order to investigate whether the aforementioned situations allowing for tunneling actually occur in a consistent theory of quantum gravity, we have analyzed two explicit examples of effective supergravity theories with multiple AdS vacua which have a stringy origin. In particular, they describe massive type IIA on AdS 7 × S 3 and AdS 4 × S 3 × S 3 , respectively. The result of our analysis in these specific cases is that quantum tunneling is forbidden within these models. In particular, for the latter case, our proof is consistent with results in [41] , where some explicit non-perturbative decay channels for this model where ruled out. All of this leads us to conjecture that non-perturbative stability within the AdS landscape might be a universal feature of any consistent quantum gravity model, rather than being merely a special coincidence associated with the specific properties of the cases analyzed in this work. We should mention that there are, though, examples in the literature where some models of stringy AdS vacua were found to be non-perturbatively unstable [44, 45] . We hope to come back to those examples in the future in order to understand them in the light of our conjecture. Our expectations are that they could possess instabilities within other sectors of the closed string excitations already at a pertubative level.
As far as holographic applications are concerned, we found that non-perturbative stability of AdS vacua can be either associated with the existence of a static though non-BPS domain wall (see figure 3 & 7) , or even of a non-extremal one (as expected between Sol. 1 & 3 or
A Hamilton-Jacobi flows and AdS (non-)static DW's
In this appendix we review the dynamical equations describing time-(in)dependent flows interpolating between AdS vacua within a theory of gravity coupled to a set of scalar fields
. We will first cast a time-dependent Ansatz describing an expanding bubble and then write down the set of second-order equations describing the evolution of such a bubble.
Subsequently, we will discuss the first-order formulation of the above problem by applying the Hamilton-Jacobi (HJ) formalism. We will specify here to four spacetime dimensions, but it may be worth mentioning that a similar analysis can be carried out in other D.
The second-order formulation
The Lagrangian which dynamically describes the coupling of Einstein gravity to the aforementioned scalar fields is given by
where κ 4 is related to the 4D Newton's constant and K IJ represents the (non-canonical) kinetic metric. The metric of an expanding curved bubble reads
where κ = 0, ±1 is the bubble curvature parameter and a(ζ) & S(t) are two unknown functions. Moreover, the scalars are assumed to just depend on ζ.
The components of the Einstein tensor evaluted on the background (A.2) read
where " " denotes the derivative w.r.t. the ζ coordinate, whereas " · " denotes the time derivative. The components of the stress-energy tensor can be calculated through T µν ≡ Once on-shell, this is an identically vanishing function due to the equation of motion for a.
The HJ formulation of our problem is then constructed by introducing the following 
A change of coordinates
In order to make contact with the static DW equations used in the main body of the paper, we introduce here the following change of coordinates e a(ζ) dζ ≡ dz , (A. 22) which simplifies the HJ flow equations in the static case by realizing a complete decoupling between the warp factor a and the scalars φ I . In this way, the interval covered by ζ, i.e.
[0, +∞), corresponds to z ∈ (−∞, +∞). We may now rewrite the HJ static flow equations where now primed quantities represent derivatives with respect to z rather than ζ.
B Solving the Hamiton Jacobi equation
The scope of this appendix is that of presenting a perturbative technique for solving the nonlinear PDE in (A.21) for a generic case with multiple scalar fields labelled by I = 1, · · · , N .
The focus of our study is to find fake superpotentials f defining static flows starting from a critical point of the scalar potential V (φ). Let φ 0 be such a critical point, i.e. a point where
Static flows of the type of (A.23) starting from φ 0 are then characterized by fake superpotentials satisfying
possible sign combinations, as one can already see from the N = 1 example solved explicitly in (4.12) . This implies that the actual values of the eigenvalues of f (2) are needed in order to unambiguously specify a certain local branch. These can therefore be used as identifying labels.
As anticipated earlier, these labels also turn out to completely determine a unique solution of the remaining full system of equations at arbitrary order. In fact, as long as the contraction of ∂ I f with (k + 1)-th order derivatives goes to zero when φ I → φ , with k ≥ 3. This does not guarantee that the unknowns will be fully determined as degeneracies can still happen and, most importantly, the system of equations will, by definition, fail if there are any non-analytic behaviors arising.
We conclude by providing the actual eigenvalues of f (2) 
